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Calculation of Compressible Boundary Layers by a Hybrid
Finite Element Method

Andrew J. Meade Jr.*
Rice University, Houston, Texas 77251

Preliminary results are presented of a finite element/finite difference method (semidiscrete Galerkin or SDG
method) used to calculate compressible turbulent boundary-layer flow about airfoils, in which the group finite
element scheme is applied to the Dorodnitsyn formulation of the boundary-layer equations. The finite element
discretization across the layer yields a system of first-order ordinary differential equations in the streamwise
direction. Linear elements are chosen for computational efficiency, while also providing adequate accuracy. The
streamwise derivatives are solved by an implicit and noniterative finite difference marching scheme. Results are
presented for low-speed laminar flow past a circular cylinder and past an NACA 0012 airfoil at zero angle of
attack at a Mach number of 0.5. Also shown are results for compressible flow past a flat plate for a Mach
number range of 0-10 and results for incompressible turbulent flow past a flat plate. All numerical solutions
assume an attached boundary layer. The semidiscrete Galerkin method promises to be fast, accurate, and
computationally efficient. The resulting computer code can also be applied to any smoothly connected airfoil
shape without modification and can be coupled to any existing inviscid flow solver (portability).

Introduction

A T present there are essentially two approaches to the
numerical simulation of viscous flow past airfoils and

wings: the fully viscous methods and the in viscid/viscous in-
teraction methods. The fully viscous models require the solu-
tion of an approximation of the Navier-Stokes equations for
the entire flowfield and therefore should simulate most of the
physical mechanisms. However, in all cases the fully viscous
models require large amounts of computer time and storage
relative to the interaction methods. Unless extensive flow sep-
aration is present, the use of fully viscous models can be
considered impractical for the design of most airfoils and
wings, since hundreds of iterations are usually required at
various flow conditions. Because of their relative speed and
simplicity, the inviscid/viscous models are still in wide use in
design and theoretical investigations.

The inviscid/viscous methods assume that the flowfield can
be modeled as an outer inviscid region and a thin inner viscous
region near the body surface. Solution of the inviscid region
usually employs an Euler equation solver interacting with a
model of the thin shear layer near the airfoil surface. Tradi-
tionally, the boundary-layer equations have been adopted for
the viscous layer and solved using the finite difference meth-
ods.1'2 However, the advantages of a finite element approach
to the boundary-layer solution are gaining recognition. Both
full finite element3 methods and finite element/finite differ-
ence hybrid methods4'7 have been applied to laminar and
turbulent cases with considerable success.

A numerical method that takes advantage of the parabolic
nature of the compressible boundary-layer equations8 in a
manner similar to that used by Refs. 6 and 7 for incompress-
ible flow is presented here. The method applies a finite ele-
ment/finite difference procedure (semidiscrete Galerkin
method or SDG method), using group finite elements,9 to a
Dorodnitsyn formulation of the compressible boundary-layer
approximations.10 In contrast to Refs. 3-5 the Dorodnitsyn
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formulation allows the numerical method to automatically
follow the boundary-layer growth and provides high spatial
resolution near the body surface.

Dorodnitsyn Boundary-Layer Formulation-
Equations of Motion

The viscous flow region, before separation from the body,
is assumed to extend over a small distance normal to the sur-
face. The equations of motion for steady, viscous, turbulent,
compressible, and nonisentropic flow about a two-dimen-
sional body are nondimensionalized in the following manner:
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where a is the local speed of sound, a* the critical speed of
sound, and H the dimensionless total (stagnation) enthalpy.
The subscript oo indicates freestream conditions. The overbar
and tilde denote dimensional variables that have been time
averaged and mass weighted averaged,11 respectively. The in-
dependent and dependent variables are written in terms of the
orthogonal coordinate system shown in Fig. 1.

Fig. 1 Local coordinate system.
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The gross effects of turbulence in the boundary layer are
accounted for using the eddy-viscosity model11

_ pu v
du/dy (2)

where the primes indicate the fluctuations of the variables
from the time-averaged values.

For the inner region (0 < y + < 350), the van Driest12 empir-
ical formula is applied. In dimensionless form, the formula is
written as

(3)

where

The variable T\ is the value of r at the surface. The nondimen-
sional dependent variable r is derived from the Crocco trans-
formation described by Eq. (14).

For the outer region (350 <y + ), the Clauser13'14 empirical
formula is used. The dimensionless formulation appears as

(4)

where K = 0.016 and A + = A0
+ = 26 for a zero pressure gradi-

ent.
The dimensionless variable F is used as the turbulence pa-

rameter and is defined as

(5)

The Prandtl boundary-layer assumptions are then applied
to give the resulting equations of motion:

Conservation of mass:

d d— (pu) + — (pv) = 0
dx dy

Conservation of A: momentum:

du du
— + PV — = -dx dy

d
7-dy

du
T-dy

(6)

(7)

Conservation of energy:

d H dH I d / dH
DU — + ov — = — — 1 vJF —P dx P dy Prdy V dy

dy+ [ Pr) dy (8)

The Prandtl number Pr is assumed constant as are the specific
heats cv and cp. The subscript e denotes conditions at the outer
edge of the boundary layer.

Equations (6-8) can be simplified further. The independent
variables x andy are replaced by £ and 17; and the dependent
variables u9 H9 and v are replaced by u2, s, and w2, respec-
tively. The new variables are defined as follows:

rv/n
(£/oo/ioo)/2J0

U
—
Ue

5 = 1 -

t/̂ Pc,

Uepe

2H(y - 1)

Ue T

(7+D (9)

It is assumed that the variation of laminar viscosity across
the boundary layer can be represented by a linear relation. A
full explanation of the assumption is given by Chapman and
Rubesin.15

The results of our various transformations and substitutions
are the following:

Conservation of mass:

2 2

d£ dy

Conservation of x momentum:

M 2^+ W 2^=/ l (i-w | ) +
d£ dy

Conservation of energy:

ds ds ^, C d
"2 —— + W2 —— + 2/iW2S- = —— T-d£ dy Pr or)

(10)

-(F-, (11)

+ /2^(«2F- (12)

The simplification of the equations of motion is now com-
plete. The three partial differential equations describing a
two-dimensional, turbulent, and compressible boundary layer
have been converted into a system of equations resembling the
incompressible form.

The coefficients /i and /2 are functions of the freestream
conditions and/or the stream wise position J. The coefficients
are defined as follows:

due 2C(T- 1) ( 1
(7+D

(13)

The differential equations (10-12) are transformed into an
integral form using the method of weighted residuals.

The Crocco transformation [Eq. (14)] is applied to the
integral equations to change the independent variable y to w2,

where

w 2 = rdy
Jo

du2

(14)

Explicit dependence on the variable w2 can be eliminated by
seeking weighted combinations of Eqs. (10-12). It is assumed
that the general weighting function /vanishes at the outer edge
of the boundary layer (y = oo or u2 = 1) and is a function of
the variable u2 only. By multiplying Eq. (10) by /and adding
to d//dw2 x Eq. (1 1) and integrating the transformed equation
from zero to one, with respect to w2, we obtain

_d_[W
dxJo T

d/ 9(FT)
o du2 dt/2

To permit a more physically oriented solution procedure, it is
desirable to use the independent variable x in place of £. This
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requires a change only in the coefficients. The preceding inte-
gral equation is rewritten as

d f ' uj\ df d(Fr)
du2 du2

du2

(15)

where
e ^A 1= ~ — and /4 =

The integral of the sum of sx/xEq. (10), s x df/
du2 x Eq. (11), and/ x Eq. (12), after replacing £ with x, is
equal to

where $k is the interpolation function centered at a particular
node k and is dependent only on u2. The term (1 - u2) is
introduced to satisfy the requirement that/^ equals zero at the
outer edge of the boundary layer.

The group finite element method differs from conventional
finite elements in that combinations of dependent variables, in
addition to the individual variables, are represented by piece-
wise continuous polynomials. The trial solutions for combina-
tions of the dependent variables T, F, and s are as follows:

.
T (I — U2) j

(18)
s_
T

Substituting the trial solutions for r,F,s, andfk, Eqs. (15)
and (16) are rewritten as

N

j

dblj
dx (19)

du2 T
1 f—o dw2

-2/3 (16)

It is assumed that there is neither surface injection nor
suction. Therefore v and, hence, w2 are zero at the wall. Since
w2 and / are zero at the wall and the boundary-layer edge,
respectively, w2 no longer appears explicitly in the equations.

The three partial differential equations describing two-di-
mensional, turbulent, and compressible boundary layers [Eqs.
(6-8)] have been converted into a system of two uncoupled
integral equations. The Dorodnitsyn formulation of the equa-
tions of motion offers some significant advantages over the
preceding simplified Eqs. (10-12).

First, the governing equations are in a weighted residual
form. An array of error distribution techniques can be applied
to force the integrals of the residuals weighted by a certain
function to zero. In addition, the integral or "weak" formula-
tion reduces the order of the continuity required for a function
approximating the solution.16 Second, by using u2 as an inde-
pendent variable across the boundary layer, the infinite do-
main of r) has been replaced by a finite domain. The high
gradients of the variables in y have been decreased, signifi-
cantly resulting in high resolution of the dependent variables
near the wall. This is of particular importance in turbulent
flow. The use of u2 as an independent variable also allows a
uniform grid to be employed that automatically follows the
growth of the boundary layer. The variable w2 does not appear
explicitly in the equations and can be recovered later. The
shear stress T is solved for directly and should be particularly
accurate.

Finite Element/Finite Difference Method
Application of Finite Elements

To apply the finite element method, the general weighting
function / must be replaced by a set of linearly independent
functions fk (for k = 1, . . . , N). For this problem, the set A
is written as

db4j
r dx (20)

for k = 1, . . . , N. The variables D\k and D2k represent the
right-hand sides of Eq. (15) and (16), respectively. Linear
elements were chosen for computational efficiency while also
providing adequate accuracy. The finite element discretization
yields two uncoupled sets of first-order ordinary differential
equations in the streamwise direction. Note that with the
substitution of the trial solutions using linear elements, the
integrals become N x Af tridiagonal matrices that are indepen-
dent of x and the nodal variables. As a result, the matrices
only need to be evaluated once and then can be efficiently
stored in computer memory in vector form.

Application of Finite Difference
The streamwise derivatives of b lj and &4y are approximated

by the finite difference forms

dx

db4j
dx

Ax

Ax

Ax

Ax (21)

The superscript n denotes a particular streamwise position
where the nodal variables are known. Substitution of the finite
difference representations and the introduction of a weighted
average for the ordinary differential equations (19) and (20)
results in the following formulations:

£ G \kjAb i; + 1 = Ax[6D \n
k
+ 1 + (1 - 0)D 1J] (22)

N

J
] + l = Ax[OD2n

k
+ l + (1 - B)D2"k]

for = l , . . . , TV (23)

fk = (1 - u2) (17)

Here the parameter 0 (0 < 0 < 1) is introduced to control the
degree of implicitness. By setting 0 = 0.5, as was done in this
study, the implicit second-order-accurate Crank-Nicholson
scheme is applied.1 The nodal values are updated using the
finite difference formulation (e.g., bl* + l =bl* + AblJ + 1).

The quantities Dlk
 + 1 and D2n

k
+ 1 are linearized by an ex-

pansion about the known position xn in a manner similar to
Ref. 17. Using Dlk

+l as an example, we may write
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dx Ax +

(24)

where the tilde indicates that the nodal values are evaluated at
position n, whereas the coefficients /2 through /4 are evaluated
at position n + 1. Substituting the linearization of D\n

k
+1 and

D2n
k
+lmto Eqs. (22) and (23), respectively, results in an im-

plicit noniterative marching scheme:

(25)

for A: = 1, . . . , N (26)= Ax[OD2n
k + (1 -

Because linear elements were chosen, the stiffness matrices
of Eqs. (25) and (26) are tridiagonal and can be efficiently
solved by the Thomas algorithm. The nodal variables are
evaluated at each stream wise location, without iteration, using
a variable step size. Numerical experiments indicate that, in
addition to providing adequate accuracy, the marching
scheme requires less CPU time than iterating Eqs. (22) and
(23) at each stream wise position.

Step Sizing
The variable step size Ax is based on a comparison of the

linearized Dln
k
+l and D2k

+l with those calculated after the
stream wise step (denoted by an overbar). The relative error is
expressed as

X = max Dln
k
+l -Dln

k
+l

or max D2n
k
+l

for £ = !, . . . , (27)

If the step size has not exceeded assigned limits (A#min<
Ax<Axmax), then for a minimum and maximum error toler-
ance (Xmin and Xmax) the step size is halved if A> Amax, doubled
if A< Amin, and unchanged in Xmin < A < Amax. The advantage
in using A is that the user can select the maximum allowable
relative error between stream wise steps, and as a result the
code avoids nonlinear instabilities in marching. The one draw-
back with this approach is that the step size can become quite
small (1 x 10 ~4) in regions of large gradients with respect to x
such as those near the leading-edge stagnation point and near
the separation point. For this study Axmin = 1 x 10~7, Axmax =
0.1, Amin = 1 x 10-3, and Amax = 1 x 10~2.

Results
Laminar and Incompressible

Figure 2 compares the skin friction distribution for the
boundary layer about a circular cylinder using 3 and 17 nodes
to the classical solution given on page 171 of Ref. 18. As seen,
the three-node solution deviates from the classical solution of
Blasius-Hiemenz-Howarth in the adverse pressure region.
However, the very crude grid presents accurate results in the
favorable gradient region.

Figure 3 compares the skin friction distribution for an
NACA 0012 airfoil using a full Navier-Stokes solver19 and the
boundary-layer code for 3 and 17 nodes. Conditions are at a
Mach number of 0.5, a Reynolds number of 5 x 103, and zero
angle of attack. As was shown for the cylinder, the three-node
run gives an accurate solution in the favorable pressure gradi-

——— 3 Node SDG
----- 17 Node SDG

• Schlicting

Fig. 2 Computed surface friction coefficient for laminar flow past a
cylinder.

——— 3 Node SDG (no separation)
——— 17 Node SDG (separation*-0.55)

• Mavriplis (separation x - 0.81)

Fig. 3 Computed surface friction coefficient for laminar flow past
an NACA 0012 airfoil; M = 0.5, Re = 5 X 103, and a = 0 deg.

ent region but deviates in the unfavorable region. Notice that
the three-node solution does not indicate separation. The 17-
node run gives an accurate solution throughout the gradient
range. However, it does indicate premature flow separation
(xs « 0.55). The early separation problem is a result of the lack
of interaction between the in viscid and boundary-layer codes.
The NACA 0012 test case is considered an encouraging pre-
liminary result.

Laminar and Compressible
Figure 4 compares the calculated Cf distribution on an

adiabatic flat plate through low- to high-compressibility con-
ditions (0 < Mo, < 10) with the results shown on page 337 of
Ref. 18. The variable a? is used in the power law relating
temperature and boundary-layer viscosity:

(28)

The SDG method gives satisfactory results over the entire
Mach number range using 17 nodes.

Turbulent and Incompressible
Figure 5 compares the calculated C/ distribution for an

adverse pressure gradient with the calculated and experimental
results of Refs. 20-22. The 17-node SDG method, with the
eddy-viscosity model, gives acceptable results.

Work in Progress
The integral equations (15) and (16) can be reformulated to

solve for dr/dx and ds/dx directly and thereby eliminate the
asymptotic behavior of T and s near the separation point.
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Fig. 4 Surface friction coefficient on an adiabatic flat plate.
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Fig. 5 Surface friction coefficient comparison for an adverse pres-
sure gradient.

Assuming that there is neither surface injection nor suction,
the integral of the sum of r2/ x Eq. (10), r2 x d//dw2 x Eq.
(11), and 2rf x d/drj x Eq. (11) results in

, P I
du2

-C/4 -T2-
J0 dw2 du2

fu2rdu2 (29)

Equation (16) may be reformulated by taking the integral of
the sum of srf X Eq. (10), 5-r(d//dw2) X Eq. (11), rf X Eq.
(12), and sf x d/dr? x Eq. (11), which is equal to

- fu2sdu2=-4l3 o u2

du2

C/4 ' f d+ —- fr —— FT —— )du2du2'

(30)

Work continues on the boundary-layer program to incorpo-
rate an inviscid code/boundary-layer code interaction model.
Two methods of inviscid/boundary-layer interaction are cur-
rently under study. For the inyiscid flow, both methods will

use an innovative Euler equation solver developed by Peter
Hartwich at the NASA Langley Research Center. In the first
interaction method the displacement thickness is used to gen-
erate an * 'effective body." This involves grid regeneration in
the inviscid code. A compressible displacement thickness of
the dimensionless form

=("(>--)Jo V Pe"«/
dy (31)

has been reformulated to yield

(7-1)- —— -
(7+1) Jo

u2 dw2- - (32)

where the external conditions are given by the inviscid code.
The preliminary results using the displacement thickness are
encouraging. Application to flow interaction about an airfoil
is in progress.

The second interaction method involves the transpiration
velocity boundary condition attributed to Lighthill23 of the
compressible form,

_ _
Pe ta-

in this development it takes the form

[35* / 1 dpeVJ
Vt = Ue\ —— + ( 3̂ + — -T" J5

L ta V Pe dxj J

(33)

(34)

This may be used as a normal velocity boundary condition
imposed at the airfoil surface in the inviscid code. A detailed
study is currently being conducted. In addition, extension of
the calculations beyond flow separation is being investigated
in a manner similar to that outlined by Holt.24

Conclusions
Preliminary results have been presented of an accurate and

computationally efficient finite element/finite difference
method (semidiscrete Galerkin or SDG method) to be used to
calculate compressible turbulent boundary-layer flow about
airfoils. In this method the group finite element scheme is
applied to the Dorodnitsyn formulation of the boundary layer
equations. The Dorodnitsyn formulation provides high spatial
resolution near the body surface. The finite element discretiza-
tion across the layer yields a system of first-order ordinary
differential equations that automatically follow the boundary-
layer growth in the streamwise direction. Linear elements are
chosen for computational efficiency, while also providing ade-
quate accuracy. The streamwise derivatives are solved by an
implicit and noniterative finite difference marching scheme
that allows the user to set the error between steps and avoids
nonlinear instabilities. The SDG method and resulting code
can be applied to any smoothly connected airfoil shape with-
out modification and can be coupled to any existing inviscid
flow solver (portability). A fast, accurate, and computation-
ally efficient inviscid flow solver, coupled with the SDG code,
will make an excellent tool for airfoil design.
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